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1 Introduction
We shall call paracomplex geometry the geometry related to the algebra
of paracomplex numbers [70] and, mainly, the study of the structures on
differentiable manifolds called paracomplex structures. When we moreover
consider a compatible neutral pseudo-Riemannian metric, we have the para-
Hermitian and para-Ka¨hler structures, and their variants.
This subject has been studied, since the first papers by Rashevskij [94],
Libermann [69] and Patterson [90] until now, from several different points
of view. Moreover, the papers related to it have appeared many times in a
rather disperse way, and the different schools or authors have worked many
times having no relation with one another. So, the interest for a survey on
the topic is clear; and, of course, mathematicians, and in particular differen-
tial geometers, will find a lot of definitions, examples, results and references
in paracomplex geometry. Furthermore, we think that the solved problems
in paracomplex geometry are only a little part of the “first” questions to be
studied in the theory. And this is one of the attractive features of it: to be de
facto a young branch of Differential Geometry, with many significant results
to be proved, as the reading of the present survey, we hope, shows. Nowa-
days, the subject has already applications to several topics, as: negatively
curved manifolds and Anosov diffeomorphisms [47], quantizable coadjoint
orbits [57], mechanics [11, 86], chronogeometry [82], elliptic geometry [32],
pseudo-Riemannian space forms [38], etc.
On the other hand, as is seen in certain recent works, paracomplex ge-
ometry is related to some physical problems, and we think that this work
can also be useful for physicists and mathematicians working in them. In
particular, since every almost para-Ka¨hlerian manifold is symplectic, those
manifolds furnish a large family of symplectic manifolds.
Moreover, as Kaneyuki [49] points out, the study of global geometric
properties of affine symmetric spaces seems to be an interesting and impor-
tant problem, since affine symmetric spaces have begun to play a central
role in the theory of group representations, as is shown in [13, 30, 87]. In
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para-Hermitian geometry, a type of affine symmetric spaces, called para-
Hermitian symmetric spaces, arises (see Section 5). These spaces are useful,
among other things, in the representation theory of the associated groups.
Moreover, those symmetric spaces M are diffeomorphic to (a covering ma-
nifold of) the cotangent bundle of another—Riemannian—symmetric space
M0. That permits us to bring into T
∗(M0) the para-Ka¨hler structure on
M , thus obtaining an additional structure on the cotangent bundle of those
manifolds, which is of great interest in symplectic geometry and mechanics.
Paracomplex geometry is a topic with many analogies and also with dif-
ferences with complex geometry. Thus this subject is often studied with
the geometries arising from complex numbers, and also with the geometry
coming from dual numbers (see for instance [21, 26, 70, 109, 118]). However,
for the sake of brevity, we shall make, in this survey, no references to related
results on other algebras. On the other hand, a little knowledge of para-
complex geometry shows soon that there are more differences with complex
geometry than one can suspect at the beginning.
Perhaps, the subject would we worthy to appear in the corresponding
section of the A.M.S. Subject Classification. We have entitled the present
work “A survey on paracomplex geometry”, but it is perhaps premature
to definitively name the topic, since there are several different names, each
of which having a reasonable sense; and mainly because the growth of the
subject can help to fix the most reasonable name.
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2 Paracomplex manifolds
2.1 Some definitions and results
We shall first recall some general definitions concerning (almost) paracom-
plex, (almost) para-Hermitian and (almost) para-Ka¨hler manifolds. From
now on, all the manifolds and geometric objects are supposed to be C∞.
Definition 2.1 An almost product structure J on a differentiable manifold
M is a (1, 1) tensor field J onM such that J2 = 1. The pair (M, J) is called
an almost product manifold. An almost paracomplex manifold is an almost
product manifold (M, J) such that the two eigenbundles T+M and T−M
associated with the two eigenvalues +1 and −1 of J, respectively, have the
same rank. (Note that the dimension of an almost paracomplex manifold
is necessarily even.) Equivalently, a splitting of the tangent bundle TM
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of a differentiable manifold M , into the Whitney sum of two subbundles
T±M of the same fiber dimension is called an almost paracomplex structure
on M . An almost paracomplex structure on a 2n-dimensional manifold M
may alternatively be defined as a G-structure on M with structural group
GL(n,R)×GL(n,R).
A paracomplex manifold is an almost paracomplex manifold (M, J) such
that the G-structure defined by the tensor field J is integrable. An integrable
almost product manifold is usually called a locally product manifold. Thus,
a paracomplex manifold is a locally product manifold (M, J) such that if
the characteristic polynomial of J is (x − 1)r(x + 1)s, r + s = dimM ,
then r = s. We can give another—equivalent—definition of paracomplex
manifold in terms of local homeomorphisms with the space An [70] and
paraholomorphic changes of charts, in a way similar to the complex case.
Definition 2.2 Let (M, J) and (M ′, J ′) be (almost) paracomplex mani-
folds. Then a smooth map f of M to M ′ is called a paraholomorphic map if
the relation f∗p ◦Jp = J
′
f(p) ◦ f∗p is satisfied for each point p ∈M , where f∗p
is the differential of f at p. If there is a paraholomorphic diffeomorphism
of M onto M ′, then (M, J) and (M ′, J ′) are said to be paraholomorphically
equivalent. A paraholomorphic diffeomorphism of M onto itself is called a
paraholomorphic transformation of M . We denote by Aut(M, J) the group
of paraholomorphic transformations of M .
2.2 Examples of paracomplex manifolds
(1) The product manifoldMn×Mn of a real manifold by itself has a canon-
ical paracomplex structure.
(2) ([55, 70]) Let (x1, . . . , xn, y1, . . . , yn) be the natural coordinates on R
2n.
Let us consider the following two kinds of foliations: xk+yk = const, and xk−
yk = const, 1 ≤ k ≤ n, which define a paracomplex structure on R
2n. These
foliations are invariant under translations by the lattice Z2n of all integral
points in R2n. So, they naturally induce a paracomplex structure on the
torus R2n/Z2n.
(3) ([82]) The groupG = SL(2,R) acts on its Lie algebra g = sl(2,R) by con-
jugation. As the invariant bilinear form (X, Y ) = 12 Tr XY on g = sl(2,R)
has signature (2,1), Ad defines a double covering of SL(2,R) onto SO0(2, 1).
Choose the basis
X =
(
1 0
0 −1
)
, Y =
(
0 1
1 0
)
and Z =
(
0 1
−1 0
)
of g = sl(2,R), and use the corresponding coordinates (x, y, z)↔ xX+yY +
zZ to identify g with R3. The G-orbits in g are of several types. The
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hyperbolic orbits, defined by G ·(λX) = G ·(λY ), λ > 0, are diffeomorphic to
the hyperbola G · (λX)≈ Q+λ = {(x, y, z) : x
2+y2−z2 = λ2}. These orbits
are non-Riemannian symmetric spaces, where the corresponding involution
σ is given by conjugation by X :
σ
((
a b
c −a
))
=
(
a −b
−c −a
)
,
and the corresponding fixpoint group is
H =
{(
a 0
0 a−1
)
: a ∈ R− {0}
}
.
The tangent space ofM at (λ, 0, 0) = λX is now identified with T(λ,0,0)Q+λ =
RY ⊕ RZ = m, and the involution (a, b) 7→ (b, a) defined by 12admX is a
paracomplex structure commuting with Ad (H) making Q+λ a paracomplex
manifold.
(4) Many authors, among which C. Bejan, V. Cruceanu, S. Ianus¸, S. Ishi-
hara, T. Nagano, V. Oproiu, R. Rosca, C. Udriste and K. Yano, have con-
sidered almost paracomplex structures on the tangent bundle of a manifold
M . Let ∇ be a linear connection on M and denote by Xv and Xh the
vertical and horizontal lift respectively to the tangent bundle TM ([122]) of
the vector field X ∈ X(M). Putting then
P (Xv) = Xv, P (Xh) = −Xh, Q(Xv) = Xh, Q(Xh) = Xv, (2.1)
they obtain two almost paracomplex structures on TM . The structure P is
paracomplex if and only if ∇ has vanishing curvature, and Q is paracomplex
if and only if ∇ has both vanishing torsion and curvature. These structures
have been extended to the case of a nonlinear connection, and to the specific
cases of a nonlinear connection defined by a Finsler, Lagrange or Hamilton
structure ([11, 86]). Similar structures for the cotangent bundle are obtained
from a connection ∇ and a non-degenerate (0,2) tensor field g on M ([25]).
If α is a differentiable 1-form and X a vector field on M , αv denotes the
vertical lift of α and Xh the horizontal lift of X to T ∗M , putting
P (Xh) = −Xh, P (αv) = αv , Q(Xh) = (X [)v, Q(αv) = (α])h, (2.2)
where [ and ] are the g-musical isomorphisms, they obtain two almost para-
complex structures on T ∗M . P is paracomplex if ∇ has vanishing curvature
and Q is paracomplex if and only if both the exterior covariant differential
Dg of g given by
(Dg)(X, Y ) = ∇X(Y
[)−∇Y (X
[)− [X, Y ][
and the curvature of ∇ vanish. The case in which ∇ is symmetric has been
considered in [9]. In this reference one can find more examples.
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2.3 Historical remarks on neutral and paracomplex geome-
tries
We give now some historical remarks on paracomplex geometry, including
para-Ka¨hler manifolds. We do not consider the most recent results, which
are included in the different sections of the present survey, according to the
specific topic.
Graves [41] introduced in 1845 a generalization of complex numbers, by
considering expressions of the type xi+yj, where x and y are real numbers,
and the symbols i and j satisfy certain relations. That construction includes
complex numbers (if i = 1 and j2 = −1), and also paracomplex numbers (if
i = 1 and j2 = 1). Graves applies his general construction to solve some
questions in Number Theory, but he does not give any specific application
of paracomplex numbers.
Clifford wrote, about 1873, four papers [17, 18, 19, 20], where he be-
gan the study of the compatibility of the non-Euclidean geometries with
Mechanics, by using among other tools Hamilton’s quaternions. He mainly
considered elliptic geometry, and found the general expression of a trans-
formation which sends a so-called motor—whose simplest instance is the
instantaneous “rotation + translation” of a rigid body—, in another mo-
tor. He proved that such a transformation is of the type q1 + q2j, where
q1 and q2 are both quaternions, and j is the so-called rectangular twist of
unit pitch, or, more specifically, the equivalence class of all such twists—a
twist is a quantity having direction, sense and module. He also proved that
in the three-dimensional elliptic space one has j2 = 1. Here we find again
an “involutive” operator, related in this case to a couple of quaternions,
and an expression of the type x+ yj. Nevertheless, we cannot yet speak of
paracomplex numbers in the present sense.
Kotelnikov [67] in 1895 and Study [114] in 1903 used paracomplex num-
bers as a tool for a more comfortable computation in the study of certain
phenomena in Mechanics and in submanifolds of Euclidean space. As Rozen-
feld [105] points out, what motivated Clifford’s, Kotelnikov’s and Study’s
investigations was the desire to know whether or not the geometry of non-
Euclidean space contradicted the principles of Mechanics. Kotelnikov and
Study developed a theory of sliding vectors in these spaces. In the space
R
3, a system of forces and a system of instantaneous angular velocities—
a force and a instantaneous angular velocity are both sliding vectors—are
equivalent, respectively, to a screw force and a kinematic twist. The first of
them consists of a force and a couple of forces in a plane perpendicular to
it, and the second of the angular velocity of rotation around some axis and
the translation velocity along this axis—which can be regarded as a couple
of angular velocities. Kotelnikov and Study proved that also in the elliptic
and Lobatchevskian spaces, every system of sliding vectors is equivalent to
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two sliding vectors whose lines of action are two reciprocal polars.
Octav Mayer [74, 75, 76] introduced in 1938 the concept of hyperbolic
biaxial geometry. In the spirit of Felix Klein’s Program of Erlangen [63],
Mayer considered as space the projective space P3(R) and as group the
collineations which preserve two arbitrary fixed nonincident lines. The given
projective space is obtained from the four dimensional space R4, and the two
invariant lines arise from two supplementary planes of R4. If we consider
these planes as the eigenspaces of an almost product structure operator we
obtain a paracomplex structure on R4. The projective group which preserves
the two initial fixed lines in P3(R) corresponds to the subgroup of GL(4,R)
which preserves the two corresponding planes in R4, or, equivalently, to the
subgroup of matrices which commute with the almost product operator.
Mayer’s ideas were followed in two directions. The first one by consider-
ing general dimensions or general reductible groups. In this line, D. Papuc
[89] considers the submanifolds of a projective space which have as auto-
morphism group a completely reductible projective subgroup. A particular
case is that of Mayer’s biaxial space.
The second one by extending the algebraic and synthetical aspects. In
this sense, Rozenfeld [106] defined explicitly paracomplex geometry. Both
algebraic and synthetical approaches are also considered in [118].
Rozenfeld’s book [109] is a veritable treatise on paracomplex geometry
(and other subjects). The author studies, in a very detailed way, paracom-
plex affine, Euclidean, pseudo-Euclidean, para-Ka¨hler—called unitarian—,
projective and conformal spaces, giving real models for each of these spaces.
This book is an important work on the algebraic and synthetical aspects of
spaces over algebras. A translation would be welcome.
Rashevskij [94] introduced in 1948 the properties of para-Ka¨hler ma-
nifolds, when he considered a metric of signature (n, n) defined from a
potential function—the so-called scalar field—on a 2n-dimensional locally
product manifold—called by him stratified space. Para-Ka¨hler manifolds
were explicitly defined by Rozenfeld [106] in 1949. Rozenfeld compared
there Rashevskij’s definition with Ka¨hler’s definition in the complex case
and established the analogy between complex and paracomplex ones.
Then, Rozenfeld [106] remarked that Rashevskij’s spaces are the real
model of para-Ka¨hler manifolds. So, Rozenfeld was the first author who
consciously worked on paracomplex geometry, using Graves-Clifford’s dou-
ble numbers. Moreover, Rozenfeld introduced in that paper the space of 0-
couples P 0n as a model of projective paracomplex space. In [108], Rozenfeld
considers the projective space (denoted Pn(e) by him) over the “double”—
i.e., paracomplex—numbers A, and gives a one-to-one correspondence be-
tween it and P 0n . He also studies the analytical m-surfaces—actually, he
considers mainly hypersurfaces—in those spaces. In [1, 2], among other
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subjects, Rozenfeld’s investigations are continued with the study of sub-
manifolds of codimension greater than 1 in the space of 0-couples P 0n . In
[113], a comparative study is made between Ka¨hler and para-Ka¨hler struc-
tures using complex and paracomplex numbers. The author also gives some
historical remarks.
Independently, paracomplex manifolds, almost para-Hermitian mani-
folds and para-Ka¨hler manifolds were defined by Libermann [69] in 1952
and [70] in 1954, in the context of G-structures and with other geometrical
structures. This work contains a lot of definitions and theorems, and consti-
tutes a main reference on paracomplex geometry. We adopt in this survey
some definitions and terminology introduced by Libermann in it.
Para-Ka¨hler spaces were independently defined by Ruse [111]—who con-
sidered in detail the case of nonflat pseudo-Riemannian spaces that admit
two non-intersecting null parallel 2-planes—, Patterson [90, 91] and Wong
[120], who worked in the context of parallel distributions (see Theorem 4.1),
and seeking canonical forms of metrics, especially with respect to symmet-
ric and harmonic cases. As Olszak [85] points out, these spaces were called
Ka¨hler spaces by Patterson (and Wong) because the defining condition was
formally similar to the usual Ka¨hler condition.
The book by Vyshnevkij, Shirokov and Shurygin [118] is a monography
in which the authors study differential geometry on manifolds over general
algebras. In particular they study the paracomplex case, especially the
unitary paracomplex—that is, para-Ka¨hler—manifolds. The book contains
also an extensive bibliography on the subject of manifolds over algebras. A
translation would also be welcome.
We quote here only one more paper: Prvanovic´’s paper [93], which de-
serves a special mention, as it not only contains several interesting definitions
and results on paracomplex and para-Hermitian geometries, but encouraged
the research on the subject, since one can see many differences between com-
plex and paracomplex geometry. Prvanovic´ introduced, among other things,
the paraholomorphic projective curvature tensor, and also gave the explicit
expression of the curvature tensor for spaces with constant paraholomorphic
sectional curvature.
Finally, we mention only a concept linked with paracomplex geometry:
the reflectors, which were introduced in the study of neutral surfaces in 4-
dimensional neutral pseudo-Riemannian manifolds [46], and are the neutral
space analogs of the twistor spaces of Riemannian geometry.
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3 Para-Hermitian manifolds
3.1 Almost para-Hermitian manifolds
Definition 3.1 An almost para-Hermitian manifold (M, g, J) is a differ-
entiable manifold M endowed with an almost product structure J and a
pseudo-Riemannian metric g, compatible in the sense that
g(JX, Y ) + g(X, JY ) = 0, X, Y ∈ X(M). (3.1)
An almost para-Hermitian structure on a differentiable manifold M is a
G-structure on M whose structural group is the real representation of the
paraunitary group U(n,A) ([70]). An almost para-Hermitian manifold can
also be defined as a differentiable manifold with an almost para-Hermitian
structure. It is easy to check that an almost para-Hermitian manifold is
necessarily almost paracomplex and that the metric g has signature (n, n).
A para-Hermitian manifold is a manifold with an integrable almost pa-
ra-Hermitian structure (g, J). That is, the G-structure associated with J is
integrable [33].
We shall call the 2-covariant skew-symmetric tensor field F defined by
F (X, Y ) = g(X, JY ), the fundamental 2-form of the almost para-Hermitian
manifold (M, g, J).
An almost para-Ka¨hler manifold is an almost para-Hermitian manifold
(M, g, J) such that dF = 0.
We say that two almost para-Hermitianmanifolds (M, g, J) and (M ′, g′, J ′)
are paraholomorphically isometric if there exists an isometry f :M −→ M ′
such that f∗ ◦ J = J
′ ◦ f∗.
For the definition of paraholomorphic sectional curvature and other def-
initions related to it, see [93, 34].
3.2 Examples of almost para-Hermitian manifolds
(1) ([10]) The cotangent bundle of any manifold admits an almost para-
Hermitian structure. One way to give such a structure is the following: Let
M be an n-dimensional differentiable manifold, endowed with a symmetric
linear connection ∇ with coefficients Γijk. Then, one can define the Riemann
extension on the cotangent bundle T ∗M as the pseudo-Riemannian metric
G on the total space of T ∗M locally given by
G =
(
−2pkΓ
k
ij δ
j
i
δij 0
)
,
with regard to the local coordinates (xi, pi) on T
∗M . On the other hand, let
J be the almost product structure on T ∗M which has as vertical distribution
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the vertical subbundle of TT ∗M , and as horizontal subbundle the horizontal
distribution determined by the connection ∇. We have the following result:
Theorem 3.2 ([10]) With the above notations, (G, J) is an almost para-
Ka¨hler structure on the total space of the cotangent bundle T ∗M , whose
fundamental 2-form F satisfies F = dθ (where θ denotes the Liouville form),
and thus coincides with the canonical symplectic structure on T ∗M . More-
over, if ∇ has vanishing curvature, then the structure (G, J) is para-Ka¨hler.
(2) ([10]) Let S2n−1n (r) = {x ∈ R
2n
n : 〈x, x〉 = r
2} be the pseudosphere of
radius r ≥ 0, dimension 2n − 1 and index n in R2nn , and let H
2n−1
n (r) =
{x ∈ R2nn+1 : 〈x, x〉 = −r
2} be the pseudohyperbolic space of radius r ≥
0, dimension 2n − 1 and index n in R2nn+1. Then the product manifolds
M = S2n1−1n1 (r1)× S
2n2−1
n2 (r2) and M = H
2n1−1
n1 (r1)×H
2n2−1
n2 (r2), r1, r2 ≥
0, n1, n2 ∈ {1, 2, . . .}, admit a family of almost para-Hermitian structures.
By analogy with Hopf’s and Calabi-Eckmann’s manifolds, Bejan calls hy-
perbolic Hopf manifolds and hyperbolic Calabi-Eckmann manifolds to the
above product manifold M when either n1 = 1 and n2 ∈ {2, 3, . . .} or
n1, n2 ∈ {2, 3, . . .}, respectively.
(3) A lot of examples of almost para-Hermitian manifolds are given by Be-
jan in [10], some of which are included in the present survey. Those given in
[9] exhibit almost para-Hermitian structures on the tangent bundle TM of
a manifold M , associated with vertical, complete and horizontal lifts [122]
of tensor fields on M to TM .
(4) Ianus¸ and Rosca [45] proved that, given a Riemannian structure g on a
manifoldM , and the almost paracomplex structure P on TM given in (2.2),
being ∇ the Levi-Civita connection of g, then the complete lift gc of g with
respect to ∇ determines an almost para-Hermitian structure on TM .
(5) ([70]) The pseudosphere S63 admits a structure of almost para-Hermitian
manifold which is not integrable. Libermann obtains this structure by using
Cayley’s split octaves.
3.3 Representation-theoretical classification of almost para-
Hermitian manifolds
As is well-known, in [42] almost Hermitian manifolds (M, g, J) are classified
with respect to the decomposition in invariant and irreducible subspaces,
under the action of the structural group U(n), of the vector space of ten-
sors satisfying the same symmetries as the covariant derivative ∇F of the
fundamental 2-form F with respect to the Levi-Civita connection ∇ of the
9
metric g. Thus we have an adequate framework for the several types of
almost Hermitian manifolds, previously defined by a number of authors in
terms of geometric properties which retain some portion of Ka¨hler geome-
try. A classification of almost para-Hermitian manifolds is made in [8]. The
author obtains 36 classes up to duality, and gives characterizations of some
of the classes. A classification a` la Gray-Hervella is given in [37], where
136 classes up to duality are obtained. We give here the table of primitive
classes W1, . . . ,W8 obtained in [37]:
PRIMITIVE CLASSES OF ALMOST PARA-HERMITIAN MANIFOLDS OF DIMENSION ≥ 6
W1 W2 W3 W4 W5 W6 W7 W8
(∇XF )(X,Y ) = 0 ∗ ∗
dF = 0 ∗ ∗
δF = 0 ∗ ∗
(∇XF )(Y, Z) =
{1/2(n− 1)}{δF (Y )g(X,Z) − δF (Z)g(X,Y )
+δF (JY )g(X,JZ) − δF (JZ)g(X,JY )}
∗ ∗
∇AB ∈ V ∗ ∗ ∗ ∗ ∗ ∗
∇UB ∈ V ∗ ∗ ∗ ∗ ∗ ∗
∇AU ∈ H ∗ ∗ ∗ ∗ ∗ ∗
∇UV ∈ H ∗ ∗ ∗ ∗ ∗ ∗
Here, for an almost para-Hermitian manifold (M, g, J), ∇ denotes the Levi-
Civita connection, F the fundamental 2-form, δ the codifferential, V (for
vertical) the (+1)-eigendistribution associated with the eigenvalue +1 of J,
H (for horizontal) the (−1)-eigendistribution corresponding to the eigenvalue
−1 of J, A,B vector fields of V and U, V vector fields of H.
Remark 3.3 Locally conformal para-Ka¨hler manifolds (which belong to
the classW4⊕W8) are the paracomplex analogs of locally conformal Ka¨hler
manifolds, introduced in [117]. They have been studied in [37], where an
analog of the Weyl conformal tensor is introduced.
Example 3.4 ([10]) The product manifoldM = S1×H2n−1n−1 (r), r > 0, n ∈
{2, 3, . . .}, with the structure given in that reference, is a locally conformal
para-Ka¨hler manifold which cannot be globally conformal para-Ka¨hler.
3.4 Homogeneous almost para-Hermitian structures
The classical characterization by Ambrose and Singer [5] of homogeneous
Riemannian manifolds in terms of a (1,2) tensor field S on the manifold,
which is an extension of Cartan’s characterization [15] of Riemannian sym-
metric manifolds (for which one has S = 0) is extended to pseudo-Riemannian
manifolds of arbitrary signature in [39]. The authors give the following:
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Definition 3.5 A homogeneous almost para-Hermitian structure on the al-
most para-Hermitian manifold (M, g, J) is a (1,2) tensor field S on M such
that the connection ∇˜ = ∇ − S, where ∇ denotes the Levi-Civita connec-
tion of the metric g, parallelizes the metric g, its curvature R and the tensor
fields J and S.
Theorem 3.6 ([39]) Let (M, g, J) be a connected, simply connected and
complete almost para-Hermitian manifold of dimension 2n. Then the fol-
lowing conditions are equivalent:
(a) (M, g, J) admits a homogeneous almost para-Hermitian structure.
(b) (M, g, J) is a reductive homogeneous almost para-Hermitian manifold
(M = G/H, g, J).
(c) The restriction of the Killing-Cartan form of so(n, n)(TpM) to the
Lie algebra h of the isotropy group H via the representation ρ obtained from
the Kostant operator [39] is non-degenerate.
Notice that in the Riemannian case a homogeneous manifold is always com-
plete and reductive.
Example 3.7 ([39]) Libermann’s quadric [70] S63 can be viewed as the
pseudo-Riemannian manifold of constant curvature O(3, 4)/O(3, 3), which
is pseudo-Riemannian symmetric, with corresponding homogeneous pseudo-
Riemannian structure S = 0. But it can also be considered as the homogene-
ous space G′2/SL(3,R), where G
′
2 denotes the exceptional simple Lie group
which is the second real form of the complex group of which the usual group
G2 is the compact real form. The isotropy group is the special paraunitary
group isomorphic to the real special linear group of order 3. The homoge-
neous space G′2/SL(3,R) admits an almost para-Hermitian structure (g, J)
which is not para-Ka¨hler, but nearly para-Ka¨hler [10], and it is a reductive
almost para-Hermitian manifold with homogeneous almost para-Hermitian
structure S = −12J ◦ (∇J), where ∇ denotes the Levi-Civita connection of
g.
3.5 Examples of para-Hermitian manifolds
(1) ([22]) A type of para-Hermitian structures arises as a particular case
of the general situation given by the tangent bundle TM of a manifold M
endowed with a linear connection and a tensor field of type (1,1) or (0,2).
On the other hand, the behaviour of para-Hermitian structures on a ma-
nifold with regard to the action of the multiplicative group of nonsingular
tensor fields of type (1,1) on the tensor algebra, on its algebra of derivations
and on the affine module of linear connections is studied as a particular case
in [24].
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(2) ([46]) The 2-dimensional case has some interesting features: Let (M, g)
be an oriented 2-dimensional neutral manifold. The metric g and the ori-
entation of M induce a unique almost para-Hermitian structure J, which is
automatically integrable sinceM is 2-dimensional, and it can thus be proved
that there exist a kind of “isothermal coordinates” x, y, such that the metric
can be locally written as g = 2ρ dx dy, where ρ is a positive C∞ function.
(3) ([46]) Let G1,1(2, 2) ≈ SO(2, 2)/SO(1, 1)× SO(1, 1) be the Grassman-
nian of oriented neutral planes in R42. Then G1,1(2, 2) admits a para-Hermitian
structure obtained from an SO(2, 2)-invariant metric related to the Maurer-
Cartan form of SO(2, 2).
4 Para-Ka¨hler manifolds
4.1 Definitions and first properties
Definition 4.1 A para-Hermitian manifold (M, g, J) is said to be a para-
Ka¨hler manifold if dF = 0. Equivalently [23, 55], a para-Ka¨hler manifold is
an almost para-Hermitian manifold such that ∇J = 0, where ∇ denotes the
Levi-Civita connection of g. We can also define, from [85] or from the classi-
fication in Subsection 3.3, a para-Ka¨hler manifold as a pseudo-Riemannian
manifold of dimension 2n endowed with two n-dimensional totally isotropic
and parallel distributions V and H such V ∩ H = {0}.
Given a connected (almost) para-Hermitian or para-Ka¨hler manifold
(M, g, J) and denoting by I(M, g) the isometry group of M with respect
to g, the automorphism group of (M, g, J) is defined as
Aut(M, g, J) = Aut(M, g)∩Aut(M, J);
it is a closed subgroup of Aut(M, g), and consequently a Lie transformation
group of M . If Aut(M, g, J) acts transitively on M , then (M, g, J) is called
a homogeneous (almost) para-Hermitian or para-Ka¨hler manifold, according
as it is (almost) para-Hermitian or para-Ka¨hler. Notice that a homogeneous
almost para-Ka¨hler manifold is a homogeneous symplectic manifold with
respect to the fundamental form F and Aut(M, g, J).
Canonical forms for the metrics of non-decomposable locally symmetric
para-Ka¨hler spaces were obtained by Patterson [91].
4.2 Examples of para-Ka¨hler manifolds
(1) ([70]) The para-Ka¨hler structure on R2n given by the pseudo-Euclidean
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inner product 〈 , 〉 and the almost product structure Jcan defined by
〈 , 〉 =
(
−In 0
0 In
)
, Jcan =
(
0 In
In 0
)
,
where both matrices are taken with respect to the canonical basis of R2n, is
called the canonical para-Ka¨hler structure on R2n.
(2) A bilagrangian symplectic manifold is a C∞ manifold endowed with a
closed 2-form F , a pseudo-Riemannian metric g and a couple of supplemen-
tary integrable distributions D+, D−, which are isotropic with respect to
the metric g, that is, F |D+ = 0 and F |D− = 0.
Such a manifold is said to be a parallel bilagrangian symplectic manifold
if ∇F = 0, where ∇ denotes the Levi-Civita connection of g. The relation of
the above definitions with the definitions of almost para-Ka¨hler and Ka¨hler
manifolds is clear.
(3) ([47]) Para-Ka¨hler manifolds appear in a natural way in the geometry of
negatively curved manifolds. Suppose thatN is a simply connected complete
Riemannian manifold with sectional curvature K ≤ −1. Then the unit
tangent bundle S(N ) of N is fibred over the space M of geodesics of N so
that each fibre is an orbit of the geodesic flow of N . The exterior derivative
dθ of the canonical contact form of S(N ), which is invariant by the geodesic
flow, is pushed forward to a symplectic form F of M by the fibre bundle
S(N )→M .
On the other hand, we have that, for a closed Riemannian manifold N
of negative curvature, the geodesic flow defined in the unit tangent bundle
S(N ) is an Anosov flow. Then the splitting S(N ) = E− ⊕ E0 ⊕ E+, called
the Anosov splitting associated with the geodesic flow φt of N , determines
two foliations E− and E+ called the (strongly) stable and unstable foliations
of φt.
In the case of complete simply connected Riemannian manifolds with
sectional curvature ≤ −1, the stable and unstable foliations E+ and E−
of S(N ), descend to foliations F+ and F− of M , which are transverse La-
grangian foliations of (M,F ). We thus have an almost para-Ka¨hler manifold,
namely (M,F,F+,F−), associated with the negatively curved manifold N .
Moreover, when N is the universal covering of a closed Riemannian mani-
fold whose Anosov splitting is C∞, the Lagrangian foliations F− and F+
are smooth, and M is para-Ka¨hler.
(4) ([23]) The almost para-Hermitian structure (G, J) on the tangent bundle
TM of a Riemannian manifold (M, g) endowed with a linear connection ∇
is almost para-Ka¨hler if and only if the pair (g,∇) is cotorsionless; that is,
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its cotorsion τ vanishes everywhere. We recall that the cotorsion is defined
in [22] as
τ(Z) = (∇Xg)(Y, Z)− (∇Y g)(X,Z)+ g(T (X, Y ), Z),
T being the torsion of ∇. The structure (G, J) is para-Ka¨hler if and only if
(g,∇) has both vanishing cotorsion and curvature. Notice that J coincides
with P in (2.1) and G is the ∇-horizontal lift of g. As for the cotorsion, it
coincides with Dg, the exterior covariant differential of g (see page 4).
5 Para-Hermitian symmetric spaces and para-Hermitian ho-
mogeneous spaces
Para-Hermitian symmetric spaces are a subfamily of pseudo-Riemannian
symmetric spaces. As Hilgert, ’Olafsson and Ørsted have proved, there
is a narrow link between symmetric spaces of Hermitian type—introduced
by ’Olaffson and Ørsted [83] and independently by Matsumoto [73], and
classified by Doi [28]—and with Ol’shankii’s regular symmetric spaces [82].
As a general result, we have that all the para-Hermitian symmetric spaces
are diffeomorphic to the cotangent bundle of another Riemannian symmetric
space, which is, in some cases, a Hermitian symmetric space (see Table in
5.2).
Kaneyuki and Kozai have introduced para-Hermitian symmetric spaces
in [55]. They give many definitions and obtained a lot of results on them.
For the sake of brevity we shall only recall a few of them.
5.1 Definitions and first results
Definition 5.1 ([55]) A connected almost para-Hermitianmanifold (M, g, J)
is said to be a para-Hermitian symmetric space, if for each point p ∈M there
exists a paraholomorphic isometry sp ∈ Aut(M, g, J), called the symmetry
at p, such that:
(1) s2p = id.
(2) p is an isolated fixed point of sp.
Proposition 5.2 Any para-Hermitian symmetric space (M, g, J) is homo-
geneous para-Ka¨hler, and hence homogeneous symplectic.
Definition 5.3 ([55]) Let {g,h,σ} be a symmetric triple and g = h + m be
the eigenspace decomposition induced by σ. Suppose that {g,h,σ} satisfies
the following condition (C):
(C) There exists a linear endomorphism J0 on m and a non-degenerate
symmetric bilinear form 〈 , 〉 on m such that:
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(1) J20 = id.
(2) [J0, admh] = 0.
(3) 〈J0X, Y 〉+ 〈X, J0Y 〉 = 0, X, Y ∈ m.
(4) 〈(adX)Y1, Y2〉+ 〈Y1, (adX)Y2〉 = 0, X ∈ h, Y1, Y2 ∈ m.
Then {g,h,σ, J0, 〈 , 〉} is called a para-Hermitian symmetric system. If,
moreover, the pair {g,h} is effective, then it is called an effective para-
Hermitian symmetric system. We recall that the pair (g, σ) is called effective
if the representation adq : h → End(q) given by X 7→ ad(X)|q is faithful.
Proposition 5.4 ([55]) Let {g,h,σ, J0, 〈 , 〉} be an effective semisimple—that
is, g is semisimple—para-Hermitian symmetric system. Then there exists
an unique element Z0 ∈ h such that h is the centralizer c(Z0) of Z0 in g and
J0 = admZ0.
Let {g,h,σ} be an effective semisimple symmetric triple. Consider the
following condition (C′):
(C′):There exists an element Z ∈ g such that ad Z is a semisimple op-
erator having only real eigenvalues and such that h = cg(Z).
Kaneyuki and Kozai proved that conditions (C) and (C′) are equivalent,
and the following:
Theorem 5.5 Let {g,h,σ} be an effective semisimple symmetric triple. Then:
(1) Let G/H be a coset space associated with the triple. Suppose that
G/H is a para-Hermitian symmetric coset space. Then {g,h,σ} satisfies
condition (C′) and H is an open subgroup of the centralizer C(Z) in G.
Conversely:
(2) Suppose {g,h,σ} satisfies (C′). Then there exists a connected Lie
group G with Lie algebra g such that the coset space G/C(Z) is associated
with {g,h,σ}, where C(Z) is the centralizer of Z in G. Furthermore, for an
arbitrary open subgroup H of C(Z), the coset space G/H is a para-Hermitian
symmetric space. Moreover, there exists a covering manifold M0 of a sym-
metric R-space such that M = G/H is diffeomorphic to the cotangent bundle
T ∗M0 of M0.
5.2 Classification and structure of semisimple para-Hermi-
tian symmetric spaces
Every para-Hermitian symmetric space with semisimple group is diffeomor-
phic to the cotangent bundle of a covering manifold of a Riemannian sym-
metric space of a particular type, called R-symmetric spaces. So, the para-
Hermitian symmetric spaces are candidates to be phase spaces of dynamical
systems. Since we have, for instance, the phase space T ∗(SO(3)) of the rigid
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solid, we are probably faced with important physical situations.
The infinitesimal classification of para-Hermitian symmetric spaces with
semisimple group up to paraholomorphic equivalence is obtained in [55] and
[48], and in [55] the following table is given:
PARA-HERMITIAN SYMMETRIC SIMPLE LIE ALGEBRAS
(g, h) M∗0
(sl(m+ n,R), sl(m,R) + sl(n,R) + R) Gm,n(R)
(sl(m+ n,C), sl(m,C) + sl(n,C) + C) Gm,n(C)
(su∗(2m+ 2n), su∗(2m) + su∗(2n) + R) Gm,n(H)
(su(n, n), sl(n,C) + R) U(n)
(so(n, n), sl(n,R) + R) SO(n)
(so∗(4n), su∗(2n) +R) U(2n)/Sp(n)
(so(2n,C), sl(n,C) +C) SO(2n)/U(n)
(so(m+ 1, n+ 1), so(m, n) +R) Qm+1,n+1(R)
(so(n+ 2,C), so(n,C) + C) Qn(C)
(sp(n,R), sl(n,R) +R) U(n)/O(n)
(sp(n, n), su∗(2n) +R) Sp(n)
(sp(n,C), sl(n,C) + C) Sp(n)/U(n)
(E16 , so(5, 5) +R) G2,2(H)/Z2
(E46 , so(1, 9) +R) P2(O)
(EC6 , so(10,C) + C) E6/Spin(10) · T
1
(E17 , E
1
6 +R) SU(8)/Sp(4) · Z2
(E37 , E
4
6 +R) T
1 · E6/F4
(EC7 , E
C
6 + C) E7/E6 · T
1
In the above list, Gm,n(F) denotes the Grassmann manifold of m-planes
in Fm+n, where F = R,C or H. Qm,n(R) denotes the real quadric in Pm+n−1(R)
defined by the quadratic form of signature (m, n). Qn(C) denotes the com-
plex quadric in Pn+1(C). P2(O) denotes the octonion projective plane. The
list on the right of the table contains those R-symmetric spaces M∗0 with
the property that if M = G/H is a para-Hermitian symmetric space corre-
sponding to the symmetric pair (g,h) associated with the specific M∗0 , then
M is diffeomorphic to the cotangent bundle T ∗M0 of a covering manifoldM0
of M∗0 . Note the six Hermitian symmetric spaces, appearing on the right.
Remark 5.6 We recall here the following definitions: Let G (resp. G˜) be
a reductive irreducible real (resp. connected complex) algebraic group. The
quotient space M = G/U (resp. M˜ = G˜/U˜) by a parabolic subgroup U
(resp. U˜) of G (resp. G˜) is called an R-space (resp. complex R-space). For
the definition of symmetric R-space, which involves Dynkin diagrams, see,
for instance, [115, p. 82].
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The structure of the (simple) group G of a para-Hermitian symmet-
ric space M = G/H is studied in [50], and the isotropy group of a para-
Hermitian symmetric space in [56].
As is well-known, M. Flensted-Jensen’s knowledge of both the theories of
group representations and semisimple symmetric spaces, has permitted him
to emphasize the important role of the affine symmetric spaces in the theory
of group representations (see [13, 31, 87]). In this spirit, Kaneyuki studies
in [49] the orbit structure of compactifications of para-Hermitian symmetric
spaces. We recall here the example given by him, which gives an idea of
the general situation: Let H be the hyperboloid of revolution in R3 given
by the equation x2 + y2 − z2 = 1. H is viewed as the cotangent bundle of
the real projective space P1(R). H is written as the affine symmetric space
SL(2,R)/R∗, where R∗ is identified with the subgroup of diagonal matrices in
SL(2,R). The SL(2,R)-action on H leaves invariant each of the two families
L1 and L2 of generatrices ofH. Through an arbitrary point p ∈ H there pass
two generating lines li ∈ Li (i = 1, 2), which meet the line of stricture of H,
viewed as P1(R), in two points qi. By assigning the pair (q1, q2) to the point
p ∈ H we have an embedding of H into the 2-torus T 2 = P1(R) × P1(R).
The embedding maps L1 or L2 into the meridians or the parallels on T
2,
respectively. The SL(2,R)-action on H is hence transferred to the action
on T 2 of the diagonal subgroup of SL(2,R) × SL(2,R). An elementary
argument shows that the torus T 2 is decomposed into two SL(2,R)-orbits:
one is H and the other is a 1-dimensional orbit diffeomorphic to P1(R).
In [50], this phenomenon is generalized to higher dimensions: Let M =
G/H be a para-Hermitian symmetric space, which is diffeomorphic to the
cotangent bundle of a covering manifold of a symmetric R-space M∗0 . Let
M˜ = M∗0 ×M
∗
0 . Then, M is imbedded in M˜ as a single orbit through the
origin of M˜ under the action of the diagonal subgroup of G ×G. Thus M˜
can be viewed as a compactification of M . In [50] the orbit structure of M˜
is studied. It turns out that it is somewhat similar to the structure of the
closure of an irreducible bounded symmetric domain under its holomorphic
automorphism group [62]. This situation can be extended to the case of
para-Hermitian homogeneous spaces.
5.3 Para-Hodge manifolds
Definition 5.7 ([58]) A para-Ka¨hler manifold (M, g, J) is called a para-
Hodge manifold if the cohomology class [F ] of its fundamental 2-form F is
an integral class in H2(M,R).
Example 5.8 ([58]) A para-Hermitian symmetric space with second Betti
number b2 = 0 is always para-Hodge. Let M be the cotangent bundle T
∗M0
over a symmetric R-spaceM0. ThenM is a para-Hermitian symmetric coset
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space of a semisimple Lie group. The para-Ka¨hler metric g of M is then
induced by the Killing form of the Lie algebra of G. IfM0 is one of the group
manifolds SO(n), U(n), Sp(n), U(2n)/Sp(n), or the sphere Sn (n ≥ 2),
then the second Betti number of M vanishes, and so g is para-Hodge.
Example 5.9 ([58]) Let (M, g, J) be a para-Hermitian symmetric space
with simple automorphism group Aut(M, g, J), where g is induced from the
Killing form of G. Then (M, g, J) is para-Hodge with b1(M) = 0 if and only
if M is the cotangent bundle of a covering manifold of a symmetric R-space
M∗0 , which is not the Silov boundary of an irreducible symmetric bounded
domain.
In [58], some criteria for a para-Hermitian symmetric space to be para-
Hodge and many examples are given.
5.4 Semisimple para-Hermitian symmetric spaces as quanti-
zable coadjoint orbits
Definition 5.10 A symplectic manifold (M,ω) is said to be quantizable if
the cohomology class [ω] in H2(M,R) of the non-degenerate closed 2-form
ω lies in the image i∗H2(M, Z) of the homomorphism i∗ : H2(M, Z) →
H2(M,R) induced by the inclusion map i : Z ↪→ R.
The following theorem gives a useful criterion in order to know whether
a symplectic manifold is quantizable:
Theorem 5.11 ([66]) A symplectic manifold (M,ω) is quantizable if and
only there is a Hermitian line bundle L −→ M over M with an invariant
connection ∇ such that its curvature form R∇ satisfies (1/2pii)R∇ = ω.
Definition 5.12 Let G be any Lie group. Then G acts on the (real) dual
space g∗ of its Lie algebra g via the contragredient of the adjoint represen-
tation by
(s ◦ f)(X) = f(Ad(s−1)X), s ∈ G, X ∈ g, f ∈ g∗. (5.1)
Each orbit in g∗ induced by this action is called a coadjoint orbit.
Proposition 5.13 ([61]) Each coadjoint orbit O in g∗ of the action of the
Lie group G on g∗ is endowed with a natural closed 2-form ω0 such that
(O, ω0) is a symplectic manifold.
Let {g,h,σ} be an effective semisimple symmetric triple and let Z ∈ g
such that:
(1) h = {X ∈ g : [X,Z] = 0}, (5.2)
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(2) ad Z : g −→ g has only real eigenvalues. (5.3)
By Theorem 5.5, G/C(Z) is a para-Hermitian symmetric coset space.
If B denotes the Killing form of g, the associated natural isomorphism [ :
g → g∗ is given by X 7→ fX , where fX(Y ) = B(Y,X) for Y ∈ g. This
isomorphism intertwines the adjoint action of G on G and the coadjoint
action of G on g∗ given in (5.1). Thus OZ = G/C(Z) is a coadjoint orbit.
Then we have:
Theorem 5.14 ([57]) Let OZ = G/C(Z) be the para-Hermitian symmet-
ric coadjoint orbit associated with the effective semisimple triple {g,h,σ}
which satisfies (5.2) and (5.3), and let ωZ be the Kirillov structure on OZ
(Proposition 5.13). Suppose G is simple and does not admit a complex Lie al-
gebra structure, and suppose C(Z) is connected. Then (OZ = G/C(Z), ωZ)
is quantizable. Moreover, G/C(Z) is a para-Hodge manifold.
Theorem 5.15 (see [57]) Let (g,h) be one of the following symmetric pairs:
(su∗(2m+2n), su∗(2m)+su∗(2n)+R),(the quaternionic case); (so(n+1, 1), so(n)+
R) for n ≥ 2, (the n-sphere case); (sp(n, n), su∗(2n) + R), (the Sp(n)-case);
and (E46 , so(1, 9)+R), (the octonion case). Then (g,h) is part of an effective
simple triple (i.e., g is simple), which satisfies (5.2) and (5.3) for a suitable
Z ∈ g such that the orbit OZ in Theorem 5.14 is simply connected. In par-
ticular C(Z) is connected and all the conclusions of Theorem 5.14 apply to
(OZ , ωZ).
5.5 Para-Hermitian homogeneous spaces
Para-Hermitian homogeneous spaces have been introduced and studied in
[51] (see also [52, 54]). Kaneyuki obtains a classification in terms of a natural
number ν in such a way that para-Hermitian symmetric spaces correspond
to the case ν = 1. This number is associated with the kind of an involved
graded Lie algebra. He studies the relations between three Lie-algebraic
objects: para-Ka¨hler algebras, dipolarizations and graded Lie algebras, and
gives the infinitesimal classification of semisimple para-Ka¨hler coset spaces
of the second kind in [51, 53].
6 Para-Ka¨hler space forms
6.1 Para-Ka¨hler manifolds of constant paraholomorphic sec-
tional curvature
Consider the tensor field R′ on the para-Ka¨hler manifold (M, g, J) defined
by
R′(X, Y, Z,W ) =
1
4
{g(X,Z)g(Y,W )− g(X,W )g(Y,Z)− g(X, JZ)g(Y, JW )
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+g(X, JW )g(Y, JZ)− 2g(X, JY )g(Z, JW )}.
This tensor field was independently defined in [93] and [34]. Let H(X)
denote the paraholomorphic sectional curvature defined by a vector X . We
have the following:
Theorem 6.1 ([34]) Let (M, g, J) be a para-Ka¨hler manifold such that for
each x ∈ M , there exists cx ∈ R satisfying H(X) = cx for every X ∈ TxM
such that g(X,X)g(JX, JX) 6= 0. Then the Riemann-Christoffel tensor R
satisfies R = cR′, where c is the function defined by x 7→ cx. And conversely.
Definition 6.2 A para-Ka¨hler manifold (M, g, J) is said to be of constant
paraholomorphic sectional curvature c if it satisfies the conditions of the
previous theorem.
One has the following Schur-type result:
Theorem 6.3 ([34]) Let (M, g, J) be a para-Ka¨hler manifold with constant
paraholomorphic sectional curvature c. If dimM > 2, then c is a constant
function.
Consequently, if dimM = 2, in order to guarantee that a para-Ka¨hler
manifold has constant paraholomorphic sectional curvature c, one must as-
sume that c is a constant function.
6.2 The paracomplex projective models Pn(B)
The paracomplex projective spaces, Pn(A), were introduced by Libermann
[70] and Rozenfeld [108], [109, p. 578]. We recall that in the complex
case one can—see, for instance, [16]—normalize the complex homogene-
ous coordinate vectors Z, putting Z0 = Z/(Z, Z)
1/2 and thus give to the
Fubini-Study metric on the complex projective space Pn(C) the expression
ds2 = (dZ0, dZ0)− (dZ0, Z0)(Z0, dZ0). In [70, p. 89], the author uses a sim-
ilar procedure and obtains a pseudo-Riemannian metric of “Fubini-Study”
type ds2 = (de0, de
′
0)−(e0, de
′
0)(e
′
0, de0). This expression is valid only locally,
in the open subset of the space Pn(A) ≈ Pn(R)×Pn(R) complementary of a
singular hyperquadric.
The paracomplex projective models Pn(B) were introduced in [34]. They
are not diffeomorphic to Rozenfeld-Libermann’s paracomplex projective space,
but they are, for n > 1, models of para-Ka¨hler manifolds of nonvanishing
constant paraholomorphic curvature, as is proved in [34]. Notice that, since
the metric has signature (n, n), in order to change the sign of the sectional
curvature it suffices changing the sign of the metric. As they are, moreover, a
kind of projective spaces, we shall call them the paracomplex projective mod-
els. They are also pseudo-Riemannian symmetric spaces [12]; specifically,
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they are para-Hermitian symmetric spaces [55] and moreover harmonic sym-
metric spaces [3].
In [35], it is shown that the spaces Pn(B) must be considered as one
of the most natural homogeneous pseudo-Riemannian spaces. In fact, it is
shown that in order to obtain the geometry of these spaces, it suffices only
giving a real finite dimensional vector space and its dual space, as we now
explain.
Let E be a real (n+1)-dimensional vector space, and E∗ its dual space.
On the space E ⊕E∗ there exist:
(1) A natural non-degenerate bilinear form 〈 , 〉 given by
〈x+ α, y + β〉 = (2/c)(α(y)+ β(x)), x, y ∈ E, α, β ∈ E∗, 0 6= c ∈ R.
(2) A (1,1) tensor J0 such that J0|E = idE , J0|E∗ = −idE∗.
The subgroup of GL(E ⊕E∗) which preserves 〈 , 〉 and J0 can be identified
with GL(E). We introduce in
(E ⊕E∗)+ = {x+ α ∈ E ⊕ E
∗ : 〈x+ α, x+ α〉 = (4/c)α(x) > 0}
the following equivalence relation ∼: x + α ∼ ax + bα, a > 0, b > 0, and
define
P (E ⊕E∗) = (E ⊕E∗)+/ ∼ .
The identity component GL0(E) of GL(E) acts transitively on the pseudo-
sphere S = {x + α ∈ E ⊕ E∗ : α(x) = 1} and also on P (E ⊕ E∗), making
it a homogeneous manifold (P (E ⊕ E∗), GL0(E)) and the base space of a
fibre bundle p : S −→ P (E ⊕ E∗) with fibre R and such that the subgroup
{aI ∈ GL0(E) : a > 0} of GL0(E) acts transitively on the fibres. From this
bundle we can endow P (E⊕E∗) with a pseudo-Riemannian metric 〈 , 〉 and
an almost product structure J induced very simply via S from the structures
in E⊕E∗, which, as it is proved, make (P (E⊕E∗), GL0(E)) a para-Ka¨hler
space form isomorphic to the paracomplex projective model Pn(B). More-
over, the construction of (P (E ⊕ E∗), 〈 , 〉, J) is natural with respect to the
category of finite dimensional real vector spaces. In this sense, because of
the economy of the initial data, the geometry of these spaces have a right
to stand immediately after affine and projective geometry and before, say,
the geometry of the sphere. This space is, thus, one of the more natural
pseudo-Riemannian homogeneous spaces.
The classification of para-Ka¨hler space forms is given in [34, 38]. For the
sake of brevity, we do not give the results, but only underline that one has
a rich family of para-Ka¨hler space forms, and we are so in a intermediate
situation between the very rich family of (pseudo)-Riemannian space forms,
and the case of the complex projective space Pn(C), none of whose space
forms is even Hermitian [119].
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7 Some applications
1. Nonsymmetric gravitational theory. A new theory of gravitation
is proposed in [78], called nonsymmetric gravitational theory because the
author considers that the geometry of space-time is determined by a non-
symmetric tensor gµν . The author wants thus to overcome the difficulties
of General Relativity at the singularities of collapsed stars and cosmology.
The geometrical interpretation of this theory is given in [68] (see Crumeyrolle
[26]), where it is shown that one can obtain the theory by considering a 4-
dimensional space-timeM , but enlarging the tangent space at each point by
a procedure analogous to the complexification of the tangent bundle, which
we may call paracomplexification, for it is done using paracomplex numbers.
2. Chronogeometry and causal symmetric spaces. In [82], ’Olafsson,
motivated by chronogeometry and other applications, considers the general
problem of the classification of all the infinitesimal causal manifolds. He
makes the simple but strong restriction of considering only symmetric spaces,
and poses the following triple problem:
(1) Classify all symmetric spaces (G,H, σ) such that the (−1)-eigenspace
of the differential of the involution σ, admits H-invariant cones, being H
the isotropy.
(2) Given such a triple (G,H, σ), classify all the possible invariant cones.
(3) (Global problem.) Which of these invariants cones do actually arise
from a global ordering on the space G/H?
He proves that the classification of irreducible semisimple causal spaces
is reduced to three cases, and he also classifies the H-invariant regular cones.
3. Mechanics. Isotropic subbundles and Lagrangian subbundles are im-
portant in theoretical Mechanics. One can find contributions to Mechanics
in [11, 86].
4. Gauge fields. Zhong [123] considers the hyperbolic complex linear
groups and their relation with the real linear groups, and applies these re-
sults to the relation between the real and the complex local gauge symme-
tries.
5. Unitary field theories. Crumeyrolle [26] has used para-Hermitian ma-
nifolds to geometrize and generalize the Einstein-Schro¨dinger unitary field
theories.
6. Strings. Jensen and Rigoli prove in [46] that, under certain conditions,
an almost para-Hermitian maps is a string, and characterize the strings
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which are almost para-Hermitian.
7. Representation theory. ([81]) The conditions for a semisimple sym-
metric spaceM to be of Hermitian type are exactly the right ones to provide
the existence of Hardy spaces and holomorphic discrete series associated with
M (see [44]).
8. Causal spaces. ([82, p. 25]) The semisimple symmetric orbits in
a Lie algebra g are not only interesting from the geometric point of view
but also in representation theory, according to Kirillov’s orbit philosophy.
Furthermore, many interesting representations are living on function spaces
and cohomology spaces on the Hermitian spaces. They are also related to
graded Lie algebras and Jordan algebras. It also turns out that causal spaces
are built up from such orbits by the dual/associated construction and that
the classification and geometry of these spaces can be obtained from results
on complex or paracomplex spaces.
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